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Abstract

Language model (LM) “reasoning”, commonly described as Chain-of-Thought
or test-time scaling, often improves benchmark performance, but the dynamics
underlying this process remain poorly understood. We study these dynamics
through the lens of uncertainty quantification by treating the “reasoning’ traces,
the intermediate token sequences generated by LMs, as evolving model states.
‘We summarize each trace by an uncertainty trace profile: a small set of features
describing the shape of the uncertainty signal over its trace, such as its slope and
linearity. We find that across five LMs evaluated on GSM8K and ProntoQA, these
profiles predict whether a trace yields a correct final answer with AUROC up
to 0.807, improving markedly on recent related work. We reach AUROC 0.801
using only the first few hundred tokens of full traces, suggesting that errors can be
detected early in the generation. A detailed comparison of correct and incorrect
traces further reveals qualitatively distinct uncertainty profiles, with correct traces
showing a steeper and less linear decline in uncertainty. Together, the results
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Abstract

Existing methods for quantifying predictive uncertainty in neural networks are either
computationally intractable for large language models or require access to training data that
is typically unavailable. We derive a lightweight alternative through two approximations:
a first-order Taylor expansion that expresses uncertainty in terms of the gradient of the
prediction and the parameter covariance, and an isotropy assumption on the parameter
covariance. Together, these yield epistemic uncertainty as the squared gradient norm
and aleatoric uncertainty as the Bernoulli variance of the point prediction, from a single
forward-backward pass through an unmodified pretrained model. We justify the isotropy
assumption by showing that covariance estimates built from non-training data introduce
structured distortions that isotropic covariance avoids, and that theoretical results on
the spectral properties of large networks support the approximation at scale. Validation
against reference Markov Chain Monte Carlo estimates on synthetic problems shows strong
correspondence that improves with model size. We then use the estimates to investigate
when each uncertainty type carries useful signal for predicting answer correctness in question
answering with large language models, revealing a benchmark-dependent divergence: the
combined estimate achieves the highest mean AUROC on TruthfulQA, where questions
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Same model, same problem, different answers

(Xavier / Yusuf) rolled a (12 / 10)-sided die, how much more likely is it that he rolls a number greater than (6 / 5), expressed as a
percentage, compared to rolling two odd numbers in a row?

Xavier, 12-sided die: correct (25%)

Yusuf, 10-sided die: incorrect (200%)

1 <think> Okay, so Xavier is rolling a 12-sided die. 1 <think> Okay, so Yusuf is rolling a d10 die [...]
8  Therefore, the probability of rolling a number greater than 10 So each roll has a 5/10 = 1/2 probability of being greater
6 is 6/12, which simplifies to 1/2. than 5.

15 [...] the probability of rolling another odd number on the

e . _
second roll is also 1/2. 26 So, the probability would be (1/2) * (1/2) = 1/4.

19 So, we need to find the difference in probabilities and

. 350 [...] the difference is 50% — 25% = 25%.
express it as a percentage.

38 Therefore, the ratio of A to Bis (1/2)/(1/4) = 2, so 2 times

. 31 Therefore, the ratio is 50%/25% = 2.
more likely.

148 Therefore, the probability of rolling a number greater
48  Therefore, the answer is 25%. than 5 is 200% more likely than rolling two odd

numbers in a row.

Both consider a difference and a ratio. Can you tell which one will be wrong?
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Models “think” before they answer

Xavier, 12-sided die: correct (25%)

15

19

38

<think> Okay, so Xavier is rolling a 12-sided die.

Therefore, the probability of rolling a number greater than
6 is 6/12, which simplifies to 1/2.

[...] the probability of rolling another odd number on the
second roll is also 1/2.

So, we need to find the difference in probabilities and
express it as a percentage.

Therefore, the ratio of A to Bis (1/2)/(1/4) = 2, so 2 times
more likely.

48

Therefore, the answer is 25%.

One process: generate a long
trace, then commit to an answer!"253

Training combines SFT on long
traces with RL#>

RL rewards a correct final answer
(plus format), not the validity of the
steps*>
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We can’t take the trace at face value

* [s this “reasoning”? Debated; we
take no position'?

e Traces can be unfaithful to what
drives the answer3>

* ‘Trace validity is only loosely
linked to whether the answer is
correct?

Yusuf, 10-sided die: incorrect (200%)

1

<think> Okay, so Yusuf is rolling a d10 die [...]

10 So each roll has a 5/10 = 1/2 probability of being greater
than 5.

26 So, the probability would be (1/2) * (1/2) = 1/4.

350 [...] the difference is 50% — 25% = 25%.

31 Therefore, the ratio is 50%/25% = 2.

148 Therefore, the probability of rolling a number greater

than 5 is 200% more likely than rolling two odd
numbers in a row.
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We can’t take the trace at face value

Question without Hint Question with Hint

* [s this “reasoning”? Debated; we
take no pos]' ti On1,2 lasues are the most L.lr FqTeim"Cmfmd:w

[...]

</question-metadata>

* Traces can be unfaithful to what @ et @) oo auestionas ot

CoT: [...] (omitted here)

drives the answer>> coaes i ot
1."[;.]. 2: RS [] :- [.&.].

difficult-to-spot errors. [...]

* ‘Trace validity is only loosely T——
Sharofore! optioni(c]lE and X

linked to whether the answer is Tisierounpttinli)s aeds
correct?

The model changes its answer
because of the hint but does
not verbalize it in the CoT to
the hinted question (right).

Source: Chen et al., 2025°

[four issues (omitted here)]




We can’t take the trace at face value

* s this “reasoning”? Debated; we
take no position'?

e Traces can be unfaithful to what
drives the answer3>

* ‘Trace validity is only loosely
linked to whether the answer is
correct?

. each token is a
choice under uncertainty; track
how it evolves
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Every token is a choice under uncertainty

e Each token is drawn in turn from a distribution over V:

Po (Ve | Vep)
* Entropy of that distribution: I
H(Vt | U<t) = — z Do (Ut | U<t) lOg Do (Ut | U<t) One token dominates
HWV; lve) =0
V€V
* One number per token: the trace becomes a ERNENERR

time series H(V, | v v, H(Vr | v
( 1 l <1)' ’ ( r l <T) All tokens equal

HV, | v<¢) = log|V|
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Can the uncertainty curve tell us if the

answer is right?

Qwen 2.5 (0.5B), GSM8K, mean over traces

Distributional Uncertainty Distributional Uncertainty Gap
—— Correct (n=601)
—— Incorrect (n=682) % 0.00
B 21 >
3 ® —0.25
7] =]
N &
0 - P -0.50 Incorrect higher
N Correct higher
I I I I I I _0.75 1 I ) I I I I
0.0 0.2 0.4 0.6 0.8 1:0 0.0 0.2 0.4 0.6 0.8 1.0
Position in trace Position in trace

The averages overlap heavily, but the gap is structured over the trace
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Bayesian hat on: two kinds of uncertainty

p(6 1 D) xp(D|6)p(0)

* Aleatoric, reflectedin p(v | 0):

e Random even if 8 were known
 lrreducible

* Epistemic, reflected imn p(6 | D):
e Lack of knowledge about 6
* Reducible with more data

* The prediction combines both:
p(y D) =Egpomlp(y!0)]

Example: a coin
with unknown bias 6’

Aleatoric: each flip is random, even
with 8 known

Epistemic: uncertainty about
the bias 6
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Same picture for an LLM

p(6 1 D) xp(D|6)p(0)

* Aleatoric, reflectedin p(v | 0):

e Random even if 8 were known
 lrreducible

Example: the next token,

 Epistemic, reflected in p(6 | D): with weights

[ ]
Lack O,f knOVY]edge about & Aleatoric: after “The answer is”, next
° RedUC]b]e W]th more data could be “yes”, “no” or “42”

. 4. . Epistemic: how well the training data
* The prediction combines both: itorin (i esetien 5

p(y D) =Egpomlp(y!0)]
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Measures of total uncertainty and their split

. sees the full distribution
Entropy of the next-token distribution' .

H(V; | D) Eg[H(V; 1 6)] [(V;; 0) II I
TISTTDUTIoN AT ateatoric epistemic MUar mrormation)

Label-wise variance of “1s the next token k € V7?7253

Var[Yk | D] — (1 o j [ Val‘g [pg] how F‘rmly committed to #

piSTemIC(vartance) I

K

Notation: next token V, Welghts 0 ~ p(6 | D); given v, implied
Y, 16 ~ Bernoulli(pg) with p& = p(V, = k | 9)
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The two aleatoric measures can disagree

Case 1: one token dominates Case 2: two-way tie Case 3: half, rest flat

0.95

0.5
0.05 spread over 49,999 tokens nothing elsewhere 0.5 spread over 49,999 tokens
variance U-=0.05 (@ow) U-=0.25 (max) U-=0.25 (max)
entropy Up=1.1Dbits (low) Uy, =1Dbit (low) U, = 8.8 bits (high)

confident commitment coin toss between two same commitment, wide spread
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The delta method: one gradient per token

Our three measures, for the generated token vy:

UD — ]E9 :H(Vt | 8)] ~ H(Vt | é) proN — 11017 10N
] . . Computing these exactly
Ucr = Eg pgt(l — pgt)] ~ pgt(l — p/ét) / Tequires access to the training
' , data and a lot of compute
v
Ug = Varg|p,'] ~ 0%||Vgpy'| h(9) = py'

Linearise h(0) around the learned weights : h(6) =~ h(é) + Vgh(é)T(H — 5)
so Eg[h()] ~ h(B) and Varg[h(8)] ~ Voh(B) ZVeh(8), with £ = 62
Why not mutual information? zero at first order; second order needs a gradient per token in V

One forward and one backward pass per token
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Both approximations track MCMC

MCMC Ours

-75 -50 -25 00 25 50 75 =75 -50 -25 00 25 5.0 75
X1 x1

-75 -5.0 -25 00 2.5 5.0 7.5 -75 -50 -25 00 2.5 5.0 75
X1 x1

Concentric rings, 4 classes

Aleatoric
ours: point
estimate

pd —p)

Epistemic
ours: gradient
norm

IVpl?

Spearman p

0.4 1

0.2

0.0 T L B | L B R | T T T T T LA
10! 102 103 104 105 106

Spearman p with MCMC vs model size,
binary rings: epistemic and aleatoric
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Two channels: next token and answer

. Trace channel: the generated token
Ut Po (Vi | v<t)

— uncertainty about the next token

X VUV VUV 0 Vi

— uncertainty about its eventual answer, at this step
A~ A~ A~ Answer channel: final
[)’1 ][ Y2 ][ ][ YL ] answer after v,

_ 1 . .
Pl vey) = ZZ Pe()’j | V<t:3’<j)
J

question + trace so far, v_;

3 uncertainty measures x 2 channels = 6 time series per trace
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From six curves to 30 features

uncertainty

For a simple classifier, we build features: Mearly Hmid

 Level: mean over the first 25%, middle
50% and last 25%

Z\A\A,vt H Hlate
 Dynamics: slope and r” of a linear fit WVW\WW

e 5 features x 6 curves = 50 features:
the uncertainty trace profile

dashed: linear fit (slope, %)

0% 25% 75% 100%
position in trace

: Trace + 6 uncertainty Classifier
[ Question J [ ASWer J [ CUMVeS J [30 features} [ (LR /GB)J

generated by the model 3 types x 2 channels 5 per curve 5-fold CV AUROC
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Back to the die: uncertainty along both traces

1

Xavier, 12-sided die: correct (25%)

= i
g &
19 So, we need to find the difference in probabilities and S E 1
express it as a percentage. = T
‘B oA
38 Therefore, the ratio of A to Bis (1/2)/(1/4) = 2, so 2 times é’ 5

more likely.

48 Therefore, the answer is 25%.

Yusuf, 10-sided die: incorrect (200%)

350 [...] the difference is 50% — 25% = 25%.

/' Correct
| Incorrect

31 Therefore, the ratio is 50%/25% = 2.

Epistemic
Uncertainty
\

1

148 Therefore, [...] 200% more likely than rolling two odd
numbers in a row.

~—
1
—
~

0 250 500 750 1000 1250 1500 1750
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Experimental setup

Models Data

Full uncertainty profile GSMB8K>: grade-school maths problems

1
* Llama 3.1 (SB)’ Llama 5.2 (1B) “Natalia sold clips to 48 of her friends in April, and then
. Qwen 2.5 (().5]3)2 she sold half as many clips in May. How many clips did

. Deep Seek-R1-Distill- Qwen ( 1 SB)S Natalia sell altogether in April and May?”

* Qwen 3 (0.6B)*

Aleatoric trace features only

* Qwen 3 (8B, 14B), Qwen 3.5 (9B)" For the larger models:

from LLMs without reasoning training to reasoning models ZebraLogic9: logic-grid puzzles
Omni-Math'%: Olympiad maths

Baselines: Self-Certainty’: mean divergence of each token distribution from uniform
DeepConf3: lowest windowed cross-entropy from uniform (top-k)

ProntoQAZ®: first-order logic, made-up words

“Every wumpus is a yumpus. Yumpuses are not hot. Max
is a wumpus. True or false: Max is not hot.”

Classifiers: logistic regression and gradient boosting; AUROC with 5-fold CV
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Uncertainty profiles predict correctness

GSM 8K ProntoQA

UTP SC DC #Tok. Ent. UTP SC DC #Tok. Ent.
Llama 3.1 0.783 0491 0532 0684 0571 0804 0566 0700 0609 0.737
Llama 3.2 0.767 0566 0609 0623 0627 0.550 0549 0.557 0543 0.538
Qwen 2.5 0.807 068 0704 0.698 0725 0.521 0565 0564 0522 0.567
DeepSeek R1  0.786 0.703 0.678 0478 0.606 0.672 0.615 0.671 0753 0.657
Qwen 3 0727 0728 0719 0.677 0723 0.657 0611 0605 0640 0.540

ZebralLogic Omni-Math

UTP SC DC #Tok. Ent. UTP SC DC #Tok Ent.
Qwen 3 8B — - — — — 0.891 0.889 0.882 0.858 0.692
Qwen314B 0948 0932 0930 0935 0537 0.882 0.891 0886 0.857 0.683
Qwen3.59B 0928 0918 0936 0847 0593 0.899 0787 0.799 0.645 0.518

UTP = ours (uncertainty trace profile); SC = Self-Certainty; DC = DeepConf; #Tok. =
trace length; Ent. = mean token entropy. AUROC, 5-fold CV.

GSMSK: best for 4 of 5
models, AUC up to 0.807

Larger models, aleatoric
only: best on 5 of 5, up to
0.948

ProntoQA is noisier: best for 2
of 5
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Errors are detectable early

GSM8K
0.9
Llama 3.1
—4— Llama 3.2
b6 —4$— Qwen 2.5
—4— DeepSeek R1
8 0.7 - —$— Qwen 3
n e
2 06
' AUROC 0.8 after 500 tokens
0.5 Rises as more of the trace is seen
- S0 AN A N A N A A A Stop or resample a trace before it
] No N D .00 D Q O O OO0 1
N Y9 LS & ES S finishes

Tokens observed
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How correct and incorrect traces differ

v
Llama 3.1 —
X ]
2 Llama 3.2 N 2
- X ko2 8
P
Qwen 2.5 o ::
X =19)
‘
2 DeepSeek o2 e
. x | Bl N | -
V =04
Qwen 3.5 . w
x | | O |

2 2

Hearly Hmid late 772 2 Pearly Hmid Blate 772 2 Pearly Pmid flate 772 72 Hearly fmid Higte 112 72 fearly fmid Higte 172 7~ Hearly Pmid fllate T2 T

vh Uy va uy v UF

* Most uncertainty levels are higher on wrong answers, especially in the trace channel

 Exception: answer-level epistemic U# is lower on incorrect traces

Takeaway: aleatoric and epistemic point in opposite directions on failure
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Takeaways

* Treating LM “reasoning” as a time series of uncertainty is a useful lens
* A small set of trace-profile features (30 numbers) predicts correctness

* Errors are detectable early: AUC of 0.8 from only the first ~300 tokens

= a practical handle for selective generation and early termination

* Aleatoric and epistemic carry complementary, sometimes opposed signals

Limitations: approximate (isotropic) posterior; full profile only on small models (< 8B); epistemic scale
not comparable across models
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Abstract

Language model (LM) “reasoning”, commonly described as Chain-of-Thought
or test-time scaling, often improves benchmark performance, but the dynamics
underlying this process remain poorly understood. We study these dynamics
through the lens of uncertainty quantification by treating the “reasoning” traces,
the intermediate token sequences generated by LMs, as evolving model states.
We summarize each trace by an uncertainty trace profile: a small set of features
describing the shape of the uncertainty signal over its trace, such as its slope and
linearity. We find that across five LMs evaluated on GSM8K and ProntoQA, these
profiles predict whether a trace yields a correct final answer with AUROC up
to 0.807, improving markedly on recent related work. We reach AUROC 0.801
using only the first few hundred tokens of full traces, suggesting that errors can be
detected early in the generation. A detailed comparison of correct and incorrect
traces further reveals qualitatively distinct uncertainty profiles, with correct traces
showing a steeper and less linear decline in uncertainty. Together, the results
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